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EA4 Lab 5

Phase Portraits of Nonlinear Systems

Introduction

In this lab, we completed four problems: A Predator-prey model, a competition model, a nonlinear pendulum without damping, and a Van der Pol’s oscillator.  These problems were mapped by differential equations, which we examined by viewing their phase portraits with the Matlab function pplane (http://math.rice.edu/~dfield/).

For the Predator-prey model, the differential equations describe the populations of a predator species (x(t)) that feeds on a prey species (y(t)), and are as follows:

dx/dt = x(a-py) ; dy/dt = y(-b + qx).

A is a natural growth rate of the prey, while b is a natural decay rate of the predators.  P is the death rate of prey eaten by predators, while qu is the birth rate of predators.  

We examined the phase portrait for the system, and found critical points and the period of oscillation near the ‘coexistence’ critical point, where both species can live in the same environment, and neither becomes extinct.

For the Competition model, the differential equations again describe the populations of two species, but now they are competing for food in the same area.  The equations are:

dx/dt = x(a1 – b1x – c1y); dy/dt = y(a2 – b2y – c2x).

A1 and a2 are natural growth rates of the species, and b1, b2, c1, and c2 are the decrease of growth rates due to food deficits.  We examined the phase portraits for this system to find the qualitative behavior of the system.

The Nonlinear Pendulum without Damping is described by the following differential equation:

d2θ / dt2 + g/L (sinθ) = 0.

θ is the angle of the pendulum to the vertical line, g is the acceleration of gravity, and L is the pendulum length.  We examined the phase portrait for the system, found the critical points, and discovered what pendulum positions they corresponded to.  We also found what pendulum motion the closed solution curves represent, and what pendulum motion the unclosed curves represent.

We then added a small damping to the system by adding the term cdθ/dt to the left-hand side of the equation.  We examined the phase portraits fot the system and described how many equilibrium states the stystem had, their types, and explained the physical behavior of the pendulum.

For the Van der Pol’s oscillator, we represented a limit cycle with the following equation:

X’’ + µ(x2 – 1)x’ + x = 0.

X is a current, and µ describes linear excitation and nonlinear damping.  It does this because it controls the x’ term, the change in the current over time.  We examined the phase portraits to determine how they changed with µ.

Description of Methods

Predator/Prey model

Using pplane, we plugged the equations into the system and observed the solution curves for the values a = .2, b = .5, p = .005, and q = .01.  We used the domain (x,y) = [0,100] x [0,100].  

Then we set both differential equations equal to zero and solved for the critical points. (see attached work, page one, problem one).  We classified each critical point (see Appendix A for chart, and attached work for frequency determination by Jacobian), and then found the period of oscillation near the ‘coexistence’ critical point (the non-zero critical point).  We found the period of oscillation by observing that:

Period = 2pi/frequency
Then, using pplane to test different values of p and q, we determined whether changing the parameters of p and q would change the period of oscillation.

Competition model

Using pplane, we plugged the equations into the system and observed the solution curves for the values a1 = 1, a2 = .75, b1=b2=1, c1 = 1, and c2 = .5.  We used the domain (x,y) = [0,2] x [0,2].  We then examined the curves for qualitative behavior, and found the four critical points of the system (see attached work, page 2, problem 2).  We classified their types (see Appendix A for chart, and page 2 for frequency determination by Jacobian).  We then clarified these findings by zooming into pplane.
Nonlinear Pendulum without Damping

First, we represented the second order equation as a system of two equations for θ and dθ/dt (see attached work, page 3, problem 3).  We chose the pendulum length to be 5, and then plotted the phase portrait in pplane for the system.  We found some of the critical points analytically, recognizing that the system has infinite critical points because of the equivalence of θ = 0, θ = 2pi, θ = 4pi, etc.  (see work for finding of critical points, page 3 problem 3).  We determined what pendulum positions they corresponded to by observing the value of θ and determining what angle the pendulum would be distanced from the vertical (see work).  Then we determined the types of the critical points, this time not with the Jacobian but with the logic that oscillatory pendulum motion can only happen with imaginary eigenvalues (related to frequencies, usually resulting from the Jacobian matrix), and center points have imaginary eigenvalues.  We also observed that saddle points correspond with opposite signed, real-part eigenvalues, which corresponds to the behavior we see when θ is opposite its previous θ value.  The results of this analysis are discussed later.
After examining this model, we introduced a small damping to the nonlinear pendulum by adding the term c dθ/dt to the left-hand side of the equation, making it:

D2θ/dt + g/L (sinθ) + cdθ/dt = 0.  

We plotted the phase portrait for the value of c = 2, and observed the results.  We saw the difference in the number of equilibrium states the system had, their types (see work), and explained the physical behavior of the pendulum using the phase portrait and the undamped system as guides.

Van der Pol’s oscillator

We represented the second order equation as an autonomous system for x and x’, (see work, problem 4 page 4), and plotted the phase portraits for the following µ values: 0, .01, .1, 1, 5, and 10.  We described how the phase portraits changed with µ, and then found the critical points and their types (see work, problem 4 page 4).  We then determined if the type of critical point changed with µ.

Results and Discussion
Predator-prey model

When we plotted the phase portrait for the values given (a, b, p, and q), we obtained the following result:
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Figure 1. The phase portrait of population y vs. population x.  We can see the clearly formed center point at (50,40).  However, this view does not provide adequate zooming to see the saddle point at the critical point (0,0).  See Figure 2.

[image: image2.emf]x ' = x (.2 - .005 y)  

y ' = y ( - .5 + .01 x)

 

 

 

 

 

 

-5 -4 -3 -2 -1 0 1 2 3 4 5

-5

-4

-3

-2

-1

0

1

2

3

4

5

x

y

Population y vs. Population x


Figure 2. This figure shows the zoomed-in graph, displaying the saddle point at the critical point (0,0).  

After we solved for the two critical points, we found that they were (0,0) and (50,40), confirming the results shown in the graphs.  (see attached work for solving).  Taking the Jacobian of the matrix at each of these points allowed us to see that (0,0) is an unstable saddle because of the opposite sign on the real eigenvalues, and that (50,40) is a center point because of the lack of a real part on the complex eigenvalues.  (see work, and Appendix A for classification).  

With these eigenvalues in mind, we know the frequencies are directly related to them (see attached work) and that the relationship between period and frequency is 2pi/frequency = period.  Therefore, We discover that from the eigenvalue’s frequency sqrt(.1) (from (50,40), we obtain a period of 20 seconds.  This is the period of oscillation around the only stable critical point.  We also discover, by changing values of p and q, that the curves do indeed change the period of oscillation because they change the location of the critical point.  The following graph illustrates this:
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Figure 3. This illustrates that when p is 50, and q is -2 (the values have changed), the critical point (50, 40) is no longer in existence, and therefore the frequency will not the be same.  This will change the period, because the period is dependent on the frequency is dependent on the eigenvalues are dependent on the critical point.

From these results, we know the system is stable at the critical point (50,40) when p and q are the original values given.  The populations will move toward this value because it is the only stable critical point.  

Competition Model

The following plot is descriptive of the competition model.
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Figure 4. This figure illustrates the behavior of the two species in the competition model.

Clearly, this model shows that the populations are unstable anywhere but the critical point at about (.5, .5).  This is apparent because the arrows all point to this critical point.  When the populations of x and y are both .5, the population is stable and at equilibrium.  When the population is at any other point, it will move toward the values of .5 for both x and y.
We found the four critical points to be (0,0), (.5,.5), (1,0), and (0,.75) (see work, problem 2 page 2).  After taking the Jacobian of the matrix at each of these points, and using the classification system (see Appendix A), we found that the classifications were the following: (0,0) = unstable node; (.5,.5) = stable node; (1,0) = unstable saddle; (0, .75) = unstable saddle.  (see work for Jacobian matrix, etc) 
The following graphs confirm these results:
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Figure 5. This shows that everything moves away from the point (0,0), confirming that it is an unstable node.
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Figure 6. This graph shows that the point (.5,.5) is a stable node because all arrows point to that point from all directions.
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Figure 7. We can clearly see from this graph that (1,0) is a saddle.  When the arrows come in, they move off in the other direction.  This occurs from every side, and this is characteristic of an saddle.
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Figure 8. Finally, this graph shows that the point (0, .75) is also a saddle for the same reasons discussed for the point (1,0).

Nonlinear Pendulum without Damping

We found the two equations to represent the second order equation to be:
W = dθ/dt

Dw/dt + g/L (sinθ) = 0 

(see work for elaboration, page 3 problem 3).  We plotted the phase portrait for L = 5, and obtained the following result:
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Figure 9. This phase portrait shows that the system has an infinite amount of critical points, all along multiples of 2pi.  The main focus will be θ = 0, and it is a center point.  The system also has an infinite amount of saddle points along multiples of pi.  

Finding the critical points analytically, we confirm that there is an infinite amount.  They are along multiples of (0,0) for (θ, w), (2pi,0) [which is identical to (0,0)], and (pi, 0).  

We found that because the angle θ is 0 for (0,0), the critical point corresponds to the position where the pendulum is at its start point, pointed toward the ground at the vertical. (see work for drawings).

We found that because the angle θ is pi for (pi,0), the critical point corresponds to the position where the pendulum is straight up in the air, along the vertical.

And, of course, at 2pi and every even multiple thereafter, the critical point corresponds to the same position as (0,0).  These critical points are equivalent.

Closed curves, or the center point curves, correspond to the (0,0) critical point (and equivalent ones), and represent the fact that the pendulum is stable and at equilibrium at that position.  It wants to return to the start position, along the vertical and pointed toward the ground.

Open curves, or the saddle curves, correspond to the (pi, 0) critical point (and equivalent ones), and represent the fact that the pendulum is not stable in that position.  It will move away from that position, and move toward the downward position.  This is obvious when observing a pendulum.  It does not want to stick straight up in the air when gravity is involved.
Introducing a small damping, c = 2, to the equation, we obtained the following plots:
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Figure 10. This figure shows the stable spiral we obtain from the critical point (0,0).  This is still equivalent to (2pi, 0) and any even multiple of that critical point.  The graph of (2pi, 0) is not shown.
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Figure 11. This shows the saddle point now formed at the point (pi, 0).  Odd multiples of this point are still equal, and are not pictured.

The system still has infinitely many critical points.  They are now, however, changed in type because of the added damping.  The (0,0) critical points (and equivalent ones) are stable spirals, while (pi, 0) (and equivalent) are now saddle points.

A damped pendulum will eventually slow down until it comes to rest, and this is reflected in the critical point (0,0).  The stable spiral shows the inclination to go to the point (0,0), the resting position.  An undamped pendulum will simply continue oscillating forever, going from its resting position, (0,0), to an undesired position (like (pi,0)), and then returning to (0,0).

Van der Pol’s oscillator (was he related to Van der Waal?)
The autonomous system representing the second order differential equation is:

X’ = w

W’ = -µ(x2 – 1)w + x

The following plots represent the phase portraits at different values of µ.
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Figure 12. This figure shows that when µ is 0, the critical point is (0,0), and it is a center point.  I apologize for the tilted graph.  It should be straight, and I don’t know why pplane7 will not orient it that way.
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Figure 13. µ is .01, and the graph still contains the critical point (0,0), and it is still a center point.
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Figure 14. The critical point is still (0,0) when µ is .1, but now it is n unstable spiral.
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Figure 15. When µ is 1, the critical point is still at (0,0), and it is still an unstable spiral.
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Figure 16. µ is now 5, and the critical point (0,0) is an unstable node.
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Figure 17. µ is 10, and the critical point (0,0) is still an unstable node.

The reason why µ describes linear excitation and nonlinear damping is because of its control over the variable x’, and its control over the magnitude of the behavior of the critical point.  Notice that each graph was zoomed in a bit more as µ increased.  As damping increases, less effect can be seen on the oscillator.  

As µ is increased, the system moves from a center to an unstable spiral to an unstable node.  While the oscillations were in sync to begin with, and in equilibrium at their center point, increasing damping causes the system to slow down.  It begins to spiral out and pull away from the critical point (0,0), and eventually go to a an unstable node where the entire system is decreasing in oscillation altogether.
Conclusion

After completing these four problems, we have a greater understanding of the uses of phase portraits.  The Predator-Prey and Competition models’ phase portraits showed us which populations were stable (critical points), and which would result in one population blowing up or dying.  The phase portrait for the nonlinear pendulum without damping showed us that an infinite amount of critical points exist for an oscillating pendulum, and that the pendulum will oscillate from an unstable point to a stable equilibrium point forever if undamped.  However, if damped, as the damped phase portrait showed us, the critical points change type and the system no longer oscillates forever.  It instead will go to 0.  For the Van der Pol’s oscillator, we discovered that the phase portrait showed us the different behaviors of oscillation based on the coefficient µ, describing linear excitation and nonlinear damping.  We found that an inverse relationship existed between µ and the magnitude of the behavior at the critical point.  

By examining the types, locations, and behavior around the critical points found in a phase portrait, we can determine quite a lot about the system we are analyzing.
Appendix A
Eigenvalue, lambda (related to frequency)
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