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EA4 Lab 3

Natural Frequencies of A Complex Structure

Introduction

In this lab, we analyze the two systems of a damped and undamped car tire from our textbook, section 3.6.  We use the equation:

Mx’’ + cx’ + kx = kacos((2πvt)/L)

(where m = mass, c = damping constant, k = spring constant, a = starting amplitude, v = velocity, x = height of car above equilib)

to calculate the natural frequencies of these structures, and determine the speed at which the car must be going to reach its practical resonant frequency.  

We use Matlab to prove that the analytical and numerical solutions are nearly identical, if the right timestep is chosen, and that the relative maximums and minimums of the analytical and numerical solutions are identical, and occur at the same times.

Using this knowledge, we proceed to use the numerical solution to analyze the damped car tire model, with the equation:

1000x’’ + cx’ + 49000x = 490cos(σt)

With the initial conditions x(0) =1, x’(0) = 0, and c = 100.  We choose an arbitrary value for frequency σ and graph the solution for this σ, to illustrate that the transient and the steady state solutions are shown on this graph.  We then explain the period we see on this graph, and compute the amplitude of the steady state oscillation.  With the plot of this amplitude versus the frequency σ, we are able to find the resonant frequency, and therefore the speed of the car at this frequency using the relationship:

2πv/L = σ.

We then examine what happens to the resonant frequency and corresponding amplitude when certain parameters change, namely the spring constant k, the mass m, and the damping constant c.  

We will find that the effects resulting from changing these constants change the resonant frequency, which could be bad or good for the car and its limiting speed.
Description of Methods

Task 1

First, we analytically solved the initial value problem 1000x’’ + 49000x = 490cos(2t) with initial conditions x(0) = 0, x’(0) = 0, using the methods we learned in class.  We obtained the solution:

x(t) = (490/45000)cos(2t) – (490/45000)cos(7t)

With this exact solution, we inputted Runga Kutta code into Matlab to solve the problem numerically.  (See Appendix A for code).  We found the stepsize h in the Runga Kutta method so that the difference between the exact solution and the Runga Kutta solution was less than 1E-5.  To do this, we used the Matlab function maxval. (See Appendix A).
Task 2

Using our results from Task 1, we modified our code so that it recorded local maxima in the solution.  (See Appendix B for code).  We created a list of times and heights in the form (tn, x(tn)), as instructed.  Then we compared those maxima with the exact solutions from Task 1.  
Task 3

We computed a response curve, the amplitude of the particular solution xp(t) as a function of σ, including a damping constant c.  The new equation with this damping constant was:

1000x’’ + cx’ + 49000x = 490cos(omegat), x(0) = 1, x’(0) = 0

To find this response curve, we took c at the value of 100, and omega at the arbitrary value of 2 to graph one solution.  (See Appendix C for code).
Task 4

We computed the amplitude of the nearly steady state oscillation and plotted it (see Appendix D for code).  From this solution and the maximum found in Task 2, we were able to determine the frequency at which the largest response was observed.  This is the practical resonant frequency, and its corresponding maximum amplitude.  Then, using the formula given as 2πv/L = σ, we were able to find the speed at which the car was traveling when the response was at its maximum. 

Task 5

Using our code from Task 4, we changed the constants k, c, and m and observed the changes in the curves.  We changed the spring constant k from 49000 to 12500, cutting it by ¼.  We changed the damping constant c from 100 to 10000, multiplying it by 100, and changing k back to 49000.  Then we returned the damping constant to 100 and reduced the mass m from 1000 kg to 250 kg.   
Results

Task 1

After obtaining the analytical solution, we were able to solve the problem numerically in Matlab (see Appendix A for code), and find that the number of steps, related to the stepsize h, was n = 320 for the amplitude to be within 1E-5 of the exact solution.  
The following two graphs illustrate that the difference between the two solutions is negligible.
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Figure 1. The exact solution, x(t), vs. t.  x(t) is in meters.  This solution appears identical to the numerical solution on this scale, with t ranging from t = 0 to t= 10 s, and x(t) going from -.025 to .025.  However, when we zoom in, we find that there is a miniscule difference between them.  See the next graph for this.
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Figure 2. This graph displays the miniscule difference between the two graphs, and we can determine that the error in amplitude is less than 1E-6.  x(t) is in meters
Task 2

Our modification of our code in Task 1 allowed us to record the local maxima in the solution as a function of time.

See Appendix B for code.

We found that the results were identical in the analytical and the numerical solutions.  See the table below for those results.
	t
	.4182
	1.3272
	2.850
	3.1416
	4.9559
	5.8649
	6.7015
	7.6105
	8.5681
	9.4247

	x(t)
	.0179
	.0012
	.0089
	.0218
	.0089
	.0012
	.0179
	.0012
	.0089
	.0218


Table 1. These are the results corresponding to Figure 1, and are identical for the analytical and numerical solutions.  This is why there are not two tables, but only one.
Task 3

Implementing c, the damping constant, into the equation, we were able to find the response curve.  (See Appendix C for code)
The following graph was obtained after zooming in on the t = 0 to t = 200 s range graph.  That graph, although in the specified time range, made it very hard to distinguish the peaks on the graph because of the small frequency.
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Figure 3.  This figure shows the transient solution combined with the steady state solution, when damping is applied to the system.  This graph is for omega = 2, c = 100.

To see the graph before it was zoomed in, see Appendix C.
Task 4
After computing the amplitude of the nearly steady state oscillation, we plotted the following graph:
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Figure 4. The graph of the Amplitude, R(σ) vs. σ.  This clearly shows that the largest response occurs at about σ = 7, and that the maximum amplitude is a little more than .7 m. 
We can see from this graph that the practical resonant frequency is about 7, and that the corresponding amplitude is a little more than .7 m.  With this information, we can now calculate the car’s velocity using the relationship:

2πv / L = σ, when L = 10 m.  

2πv / 10 = 7
v = 11.14 m/s
When the car is traveling at a velocity of 11.14 m/s, its response is largest.

See Appendix D for the code applying to this portion.

Task 5

The following graphs were obtained when we changed certain values of constants.  The code for this is not included in the appendices because the code is identical as that for Task 4, only changing one value at a time.  The value changed is noted on the graphs.
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Figure 5. This diminished peak amplitude and increased peak frequency occurs when the mass is decreased.  Amplitude in m.
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Figure 6. This graph displays what happens when we increase the damping constant from 100 to 10000.  The peak frequency is greatly decreased, and gradually declines.  The peak amplitude is extremely small.  Amplitude in m.
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Figure 7. This graph displays that when k is reduced from 49000 to 12500, the peak amplitude increases from .7 m to nearly 1.2 m, and the frequency decreases from about 7 to about 4. Amplitude in m.
Discussion of Results

In the first task, we discovered that the number of steps equal to 320 guaranteed that our analytical solution (found using the methods we learned in class) and our numerical solution (Matlab found with Runga Kutta) were no different than 1E-5.  


We found that if n = 320, that the difference in the peak amplitudes of the graphs of the analytical and numerical solutions were less than 1E-6 apart.  This negligible difference allows us to treat the peaks of each solution as practically identical. 

In the second task, we modified our Task 1 program to locate and record local maxima in the numerical solution and the times they occurred.  We found after comparing local maxima and their corresponding times to the analytical solution that these were equivalent for each solution, numerical and analytic.  We now know that we can use the numerical solution’s maxima in later tasks without a discrepancy, verifying what we found in Task 1.

In the third task, we computed the response curve after implementing a damping constant term.  We took omega to be 2, and c to be 100.  The resulting graph displayed that the transient solution existed in the beginning of the oscillation, but eventually died out, because of the exponential decay in the homogeneous solution.  The steady periodic solution, however, was consistent throughout the solution.  This is a model of standard differential equations’ solutions, x(t) = xp + xh, where xp is the particular solution, or the steady periodic solution, and xh is the homogeneous, or transient solution.  The homogeneous solution decays exponentially because of the e term included in it; this is why it dies out.  However, the particular solution does not decay exponentially.

We see only the period 2π/σ (frequency σ / 2π) in the solution now, whereas in the second task we did not, because the homogeneous solution found in Task 1 and included in task 2 did not contain the damping constant c, meaning there was no exponential decay.  There was no transient solution because the homogeneous solution did not decay to 0.  However in the third task onward, the damping constant caused the homogeneous solution to become transient, and exponentially decay. That allowed us to see only the period 2π/σ, not mixed with the homogeneous period.
When we computed the amplitude of the nearly steady state oscillation, we found that the shape of the curve contained a fairly flat region, followed by a huge spike, and then a flat region once more.  We learned that this is typical of resonance behavior.  All oscillating objects have a resonance frequency at which they are most sensitive, and at which, if not damped, they could blow up to infinity.  With damping, the practical resonance is the largest amplitude of the observed response.  This is the spike we see in the graph.  This practical resonant frequency is very important to engineering, especially to cars, because manufacturers must make sure they do not make cars that could reach their resonant frequency during travel.  They do this by determining the speed corresponding to the frequency, σ.

We calculated the speed at which the car reaches its resonant frequency to be 11.14 m/s, and so this is the point at which the car will experience a huge amplitude in oscillation.  This will most likely break the vehicle, if it does not blow up first.  

When we applied our amplitude code to the situations where the constants k, m, and c changed, we found different resonant frequencies ensued.  When the spring constant k was decreased from 49000 to 12500, we found that the frequency decreased and that the amplitude increased.  This makes sense, because as we decrease the resistance to oscillation in the spring, each oscillation will displace further than it would have had the k been the larger value.  However, because of these larger amplitude oscillations, the spring can oscillate less often in a period of time, and so frequency decreases.

When the mass was decreased from 1000 kg to 250 kg, we found that reverse was true—the peak frequency increased, and the peak amplitude decreased.  This too, makes sense, because as there is less mass included in the oscillating system, the system will be able to oscillate faster, increasing the frequency.  However, it will not go as far because amplitude is a function of mass and other factors, as well.  There will be less change in amplitude because of the decrease in mass.

When the damping constant c was increased from 100 to 10000, we saw a much smaller amplitude and an oddly-shaped graph, no longer containing a peak.  This is because the more the system is damped, the less it will be able to move freely.  The amplitude, of course, will decrease, and the peak frequency will decrease as well because, again, the system cannot move as freely and therefore will not oscillate as much in a period of time.
Conclusion
When cars are manufactured, engineers must make sure that the car cannot reach its resonant frequency, or it will break down, blow up, or otherwise fail.  To do this, they must find the corresponding speed, and they can accomplish this through the relationship (2πv/L) = σ.  However, they must first compute the amplitude of the steady state/ steady periodic oscillation of the differential equation relating the damping, spring displacement, and mass of the tire system.  If they choose the right timestep in their initial calculation of the numerical solution, they will be able to obtain a nearly identical solution to the analytical exact solution, and will be able to use this numerical solution throughout their calculations.  Then they will be able to find that the transient solution exists only in part of their graph of the response curve; however, they will be able to use the steady state solution to calculate the amplitude as a function of omega because it remains constant throughout their response curve.   With this amplitude and frequency graph, they will determine the peak amplitude and frequency, and use these to calculate the speed of the car at that time.  

They might find that if they want the car to be able to go faster, they will increase the frequency by attempting to decrease the mass.  If they want the car to go slower, they might decrease the spring constant k or increase the damping constant c.  If they want to decrease the amplitude and minimize the amount of displacement the tire must go through while in oscillation, they will decrease the mass.

These factors go into designing a good tire system, and a safe car.  The velocity we found, 11.14 m/s, must not be exceeded or disaster will occur.  Our methods, identical to those of engineers analyzing natural frequencies of a complex structure such as a tire mechanism, have taught us the factors that must be considered for safety and efficiency.
Appendix A
clear;
%initial conditions
tint=0; %initial time
x=[0;0]; %initial x vector
tend=10; %end time
n=10; %number of steps
[T,X,h] = rkn(tint,x,tend,n);
[maxval, index] = max(X(1,:));
x_anal=-490/45000*cos(7*T(index))+490/45000*cos(2*T(index));
while abs(maxval-x_anal)>10^-5; %while the difference between the analytical soln and the actual soln is greater than E-5
    maxval
    x_anal
    maxval-x_anal
    n=n*2 %shrinks step size until error is < E-5
    [T,X,h] = rkn(tint,x,tend,n);
    [maxval, index]= max(X(1,:))
    x_anal=-490/45000*cos(7*T(index))+490/45000*cos(2*T(index));
    h
end
h %step size once error is < E-5
plot(T,X(1, :), 'b')
hold on
x_anal = -490/45000*cos(7*T)+490/45000*cos(2*T);
plot(T, x_anal, 'k')
The function rkn:

function [T,X, h] = rkn(t,x,t1,n, w)
h = (t1-t)/n; %step size
T = t; %initial t
X = x; %initial x-vector
for i = 1:n
    k1 = f(t,x, w);
    k2 = f(t + h/2, x+h*(k1'/2), w);
    k3 = f(t + h/2, x+h*(k2'/2), w);
    k4 = f(t + h, x+h*k3', w);
    k = (k1 + 2*k2 + 2*k3 + k4)/6;
    t = t+h; %new t
    x = x + h*k'; %new x
    T = [T; t]; %update T column
    X = [X, x]; %update x-matrix
end
The function f:

function xp = f(t,x, w)
%the following constants are subject to change for later tasks.  Note only one constant changes at a time.  Then it returns to its original value while another changes.
c = 100; %This changes to 10,000 in Task 5.
m = 1000; %This changes to 250 in Task 5.
k = 49000; %This changes to 12500 in Task 5.
%Putting the solutions in matrix form, we are able to acquire the following:

xp(1) = x(2);
xp(2) = (-k/m)*x(1) - (c/m)*(x(2)) + 490*cos(w*t)/m; %This is subject to change depending on the constants.
Appendix B

function [output] =  Xmax(X,T);% this function found the maximum x’s, and graphed them in a table.
output = [];
for ii = 2 : length(X)-1
    if X(ii) >=max(X(ii-1), X(ii+1))
        output = [output [T(ii); X(ii)]];
    end
end
%results:  0.4182    1.3272    2.2850    3.1416    3.9983    4.9559    5.8649    6.7015    7.6105    8.5681    9.4247
    %0.0179    0.0012    0.0089    0.0218    0.0089    0.0012    0.0179    0.0179    0.0012    0.0089    0.0218
%We then compared these results to the analytical solution’s table of maximum results.

clear;
%initial conditions
tint=0; %initial time
x=[0;0]; %initial x vector
tend=10; %end time
n=65536; %number of steps, found in task 1
x_anal=-490/45000*cos(7*tend)+490/45000*cos(2*tend);
[T,X,h] = rkn(tint,x,tend,n);
plot(T,X(1, :), 'b')
hold on
x_anal = -490/45000*cos(7*T)+490/45000*cos(2*T);
plot(T, x_anal, 'k')
Xmax(X(1,:), T)
Xmax(x_anal, T)
%x_anal results:
   % 0.4182    1.3272    2.2850    3.1416    3.9983    4.9559    5.8649    6.7015    7.6105    8.5681    9.4247
   % 0.0179    0.0012    0.0089    0.0218    0.0089    0.0012    0.0179    0.0179    0.0012    0.0089    0.0218
%As is obvious, the results are identical.

Appendix C
clear;
%initial conditions
tint=0; %initial time
x=[0;0]; %initial x vector
tend=200; %end time
n=320.*20; %number of steps, found in task 1
[T,X,h] = rkn(tint,x,tend,n);
 %call the function rkn
plot(T,X(1, :), 'b')
%plot T and the first column of x
Xmax(X(1,:), T)
%show the values of Xmax
Graph of the damped x(t) vs. t before zooming in:
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We can clearly see from this graph that it is difficult to discern specific peaks; however, it does illustrate very clearly that the transient solution exists before about t = 40, and the particular solution exists throughout the range of time.
Appendix D

clear;
%initial conditions
tint=0; %initial time
x=[0;0]; %initial x vector
tend=200; %end time
n=320.*20; %number of steps, found in task 1
B = [];
for w = 1:.5:15
[T,X,h] = rkn(tint,x,tend,n, w);
A = Xmax(X(1,:),T);
R = [R A(2, end)];
end
plot(1:.5:15, R)
