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EA4 Lab 2

Adaptive Time-stepping

Introduction

In this lab we explore the ignition of a combustible mixture including heat loss by numerical simulation.  We use the differential equation (1), dy/dt = exp(y) – αy, y(0) = 0, to model this heat loss.  The exponential component suggests that the graph will go to infinity, which signifies an explosion, and is only slowed by the αy term.  The variable y is the deviation of temperature from room temperature.

To find critical points and analyze the solution, we will solve the equation exp(y) = αy for different values of α.  This will map the change in when the explosion occurs based on how much the αy term impedes the exponential release of heat.  We will find these critical points through graphing z = exp(y) and z = αy to determine where the αy graph only touches the exp(y) graph once.  This will indicate a critical point.

We carried on this quantitative analysis through adaptive time-stepping, in which we controlled the h (time-steppign) value in an Improved Euler scheme based on the behavior of y to obtain a more accurate graph with less steps included.  We then verified our solution using the matlab function ode45 to solve the differential equation.

Description of Methods

We first determined to the accuracy of .01 where the transition value, α, existed, by examining different values of alpha and where they touched the exact graph.  See Appendix A for the code used to generate these different curves.
After determining that alpha = 2.72 generates a critical point, we sketched slope fields using the Matlab code dfield7 obtained from www.math.rice.edu/~dfield/matlab7/dfield7.m.  Due to the code’s length, it is not listed here.  
We used dfield7 to map out slope fields (y vs. t) for an alpha = 2.72 and an alpha greater than 2.72, namely 5.  We then compared the two graphs, noticing the behavior of y slightly larger or smaller than the critical point value as t goes to infinity.  This helped us extrapolate what would happen if alpha was less than 2.72, and whether an explosion would occur for each of the three situations.  See Appendices B and C for the graphs when alpha = 2.72 and 5, respectively.
We then solved equation (1) using an Improved Euler Method.  (Code in Appendix D, Task 2).  The only modification made to this code for the step-size change h = .1 to h = .5 was changing the h value in the Matlab code.  Therefore the code is only included once, and both plots are on the same graph.  We chose our final time value, tfinal, to be 5 seconds because at 5 seconds, we could see the general trend of the graph moving toward y = 1.

We ran our program with alpha = 2.71, a value slightly less than our 2.72, and h = .5.  We attempted to run our program up to t = 40, but found that this does not work.  After making an arbitrary decision that an explosion occurs when y = 3 (see handout), we were able to zoom in far enough to see the differences in the graphs with h = .5 and h = .01 for this large step size.  

We then used an adaptive procedure to run the program at alpha = 2.71, with values of h that vary.  We morphed h according to what our new temperature in the iteration did, versus what our old temperature was.  Including fail-safes for situations where the difference in our new temperature and our old y was greater than .05, an arbitrary small number, and when the difference was less than .01, another arbitrary small number, we were able to control the evolution of the solution.  We stopped the program at y >3, our arbitrary definition from the previous task.  Our initial stepsize, h, was .5, and we stopped the program if h was larger than 1 or less than 1E-5.  
The actual code is outlined in Appendix D, task 4.  Psuedo-code follows actual code, under task 4 in Appendix D, labeled ‘Psuedo-Code’.
We used this program to determine when the explosion occurs with alpha at 2.7 and 2.  We simply accessed the function ‘f’ and changed the values of alpha.  The code for this is not shown because of that simplicity.

We solved for alpha using the function ode45.  Code for this function is found in Appendix E.
Results
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Figure 1. z vs y for different values of alpha.

We can see from this graph that the yellow line, the exact value of e^y, is touched once by only one graph—the others touch it twice or not at all.  The fact that the red dotted graph, from alpha = 2.72, only touches it once indicates that it is a critical point.

Examining the slope fields (see Appendices B and C), we discover that there is only one critical point at α= 2.72, and two at α = 5.  We discover that the critical point at α=2.72 is not stable, and that only one critical point at α=5 is stable.  However, for smaller values of α, such as 3 and 4, we find that the stable critical point approaches 1.  Other such graphs are not pictured.  
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Figure 2. y vs t for different timesteps.

As mentioned before, the trend toward the critical point, y = 1, is apparent with this time range 0-5 seconds.  
While the smaller time-step led to a slightly different curve, their shapes are largely the same and they are so close to each other that the difference is negligible.  Both graphs approach the critical point, y =1.  
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Figure 3. Graph of temperature and time when the time range is very large.

For either time step, h = .1 or h = .5, it is clear that there is an error here.  The graph cannot compensate for such a large time interval (t=0 to t=40).  For the smaller time step, the value is closer to the exact value 28.5.  

To correct for this, we assumed the explosion occurs when the temperature first exceeds 3.  We changed our window to only graph y between 0 and 3. 
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Figure 4. Temperature vs. time in the window of y = 0 to y = 3.  

It can now be seen that both time steps yield roughly the same results, that the graph explodes after remaining steady at the critical point, y =1.  It explodes at about 30 seconds, though it is exactly 28.5 s.
Using our adaptive programming, we ran our values of α = 2.71.  We obtained the following graph.
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Figure 5. Graph of Temp vs time for diff h’s, using the adaptive timestepping program.

This graph shows a very similar trend to our previous one for a large time window and small y window.  This graph, however, used less steps.  By entering length(y) after each graph, this one and the previous one, we were able to obtain the number of steps + 1, because we start at i = 1.  We discover that it takes 130 steps to get to the explosion, assuming it occurs at y =3, using the adaptive method.  By contrast, it takes 2850 steps to get to the explosion using Improved Euler’s Method.  

We see that the explosion occurs at about 28 seconds, which concurs with our previous graph.

The lines for each time-step are also clearly closer together, to the point where seeing one instead of the other is extremely hard.  
When we reduced α to 2.7, we obtained the following graph.
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Figure 6. Temp vs. time for alpha = 2.7

The time to explosion is shortened here, from about 28 to a little over 18 seconds.  

When α was only 2, the graph displayed was the following:
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Figure 7. Temp vs. time for alpha = 2.

The time to explosion here was even shorter, only about 2.25 seconds.

Solving the equation using ode45 to verify our results, using α = 2.7, we obtained the following:
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Figure 8. Time vs. temp for alpha = 2.7, solved using ode45

Indeed, our results concur with our results for alpha = 2.72, that the explosion occurs at about 19 seconds.
Discussion of Results

Task 1
We found that alpha = 2.72 was the best solution because it only touched the exact graph, z = exp(y), once.  This indicates that it only forms one critical point.  However, for values of alpha greater than 2.72, it will form two critical points because it will touch the graph twice.  This makes sense, since the graph curves upward and values of alpha cause a slope increase in the equation y’ = exp(y)  - αy.  By that logic, values lower than 2.72 will lead to no critical points, because the y’ graph will never touch the exact solution. 

We know from the slope fields that at alpha = 2.72, the one critical point, y = 1, is not stable.  We know this by looking at the slope field when t increases, and y is slightly larger than 1.  It is clear that y goes to infinity.  However, it is clear that when y is less than 1, and time proceeds toward infinity, y approaches 1, the critical point.  When alpha is larger, 5, there are two critical points as predicted.  Only one is stable, though, and that one is at approximately .5.  however, it approaches 1 if we give different values of alpha.
With this knowledge, we can conclude that for alpha = alphaT = 2.72, an explosion occurs when y is larger than 1, but it approaches stability when y is less than 1.  We also know that when alpha is less than alphaT, and there are no critical points, there will be an explosion constantly because the entire graph will go to infinity.  There will be no alpha term to stop the exponential component of the equation from blowing up.  When alpha is greater than 2.72, there will not be an explosion for the stable critical point, but there will be an explosion if y is slightly greater than the second critical point value, 2.5.  If y is slightly less than that value, the solution will approach .5 again, the stable equilibrium, and there will be no explosion.
Task 2
We see that at alpha = 2.72, whether h = .5 or h = .1 with the Improved Euler code, that our y approaches the critical point, y =1.  There is no significant difference between these two time-step graphs.  
Because it is approaching from y < 1, it is stable.  It is not going to infinity, and therefore there is no explosion.  
Task 3

When we tried running our Improved Euler code for t = 40, we found that it would not compute.  This is because the time difference was too large and they y values were on a much too large scale.  Scaling y down to y = 0 to y = 3, we found that we could see the graphs with h = .5 and h = .01 approach the stable solution at y = 1, and as the y became larger than 1, as predicted, the solution exploded.  
We noticed that when h is smaller, .01, the graph explodes at a value closer to t = 30.  There is no significant difference between the two graphs.

At 2.71 there is almost a stable equilibrium point, which is why the graph ‘pauses’ at y = 1, but it is not quite stable because alpha is less than alphaT.  

Task 4
We found, as discussed before, that it takes considerably less steps to get to the explosion when using the adaptive time-stepping program versus Improved Euler’s method.  
We also discovered that the time approximation is also better, at 28.5 seconds instead of 30 seconds for Imp. Euler.

Task 5

When we reduced alpha to 2.7, we found that the time to an explosion was a little over 18 seconds, a considerably smaller time than the 28 seconds it takes when alpha is 2.71.  This is most certainly due to the fact that the αy term is diminished, and therefore the exp(y) term has the opportunity to explode without as much impedance.  As we reduce alpha, we expect the explosion to occur earlier and earlier as the exp(y) has less and less impedance.  

Indeed, that conjecture is supported when we reduced alpha to 2, and found that the explosion time was only 2.25 seconds.  
Conclusion
We found through this lab that trends in the equation dy/dt = exp(y) – αy depend on the values of alpha.  When alpha is smaller, the explosion resulting from this combustion reaction will occur sooner because there is less to slow down the exp(y) term.  
We verified that our graph was correct by solving (1) using the Matlab function ode45
We also found that the number of critical points, and therefore the stability of these points, also depends on alpha.  Whether or not a point is stable will determine if an explosion will occur.  If a point is stable, an explosion will not occur.  However, if approached from the right end (y goes to infinity), an unstable point can result in an explosion.  If approached from the other end (y goes to the point), no explosion will ensue.  

There will be two critical points if alpha is greater than our alphaT, 2.72, but there will be none if alpha is less than 2.72. If there are none, an explosion will always occur because the graph will always go to infinity instead of approach a critical point.  If there are two, then it depends on the angle approaching the critical points as to whether they will cause an explosion or are stable and will result in nothing.

.  
Appendix A
Task 1

Different values of alpha code:

%Task1
clear;
y=0:.01:5;
z_same=exp(y);
alpha=2.71:.001:2.72;
for n=1:size(alpha,2)
    z_vary(n,(=alpha(n).*y;
end
plot(y,z_same,’-y’);hold on;
plot(y,z_vary(1,:),’-m’);
plot(y,z_vary(2,:),’-c’);
plot(y,z_vary(3,:),’-r’);
plot(y,z_vary(4,:),’-g’);
plot(y,z_vary(5,:),’-b’);
plot(y,z_vary(6,:),’-k’);
plot(y,z_vary(7,:),’:y’);
plot(y,z_vary(8,:),’:m’);
plot(y,z_vary(9,:),’:c’);
plot(y,z_vary(10,:),’:r’);
%answer is 2.72
Appendix D
Task 2

function[t,y] = impeuler1(t0,y0,tfinal)
h = .01; %this changes to .5 for the other graph
y(1)=y0;
t = t0:h:tfinal;
for I = 1:length(t) -1 %this is standard Improved Euler’s Method
    k1 = f(y(i));
    k2 = f(y(i) + h*k1);
    k = (k1+k2)/2;
    y(i+1) = y(i) + h*k;
end
plot(t,y, ‘b’);

function yp = f(y) %yp is y’, the differential eqn
yp = exp(y) – 2.72*y;
Task 4

function[t,y] = impeuler2adaptiveb(t0,y0,tfinal)
%initial conditions

h = .5;
y(1)=y0;
t(1) = t0;
tempt(1)=0
tempy(1)=0
i=1;
while (y(i) <= 3 && t(i) <= tfinal) %while y has not reached explosion time and t has not reached its final value
    u(i) = y(i) + h*f(y(i)); %Euler’s method
    tempt(i+1)= t(i) + h; %stepping up the temperature
    tempy(i+1) = y(i) + (h/2)*(f(y(i)) + f(u(i))); %Continuing Euler’s method with h/2
    if h < 1E-5
        disp(‘h is going on forever’) %h cannot be less than this value
        break
    end
        %decrease h if the diff in temp was greater than .05.
        if abs(tempy(i+1) – y(i)) > .05
            h = h/2; %half h
        else
            t(i+1) = tempt(i+1); %we accept these two values as correct
            y(i+1) = tempy(i+1); % “
            if abs(y(i+1) – y(i)) < .01 && h < 1 %if the diff in temp is too small
                h = 2*h; %double h
            end
            I = i+1;
    end
end
plot(t,y, ‘b’)

Psuedo-Code

Function [ t,y] = impeuler2adaptiveb(t0,y0,tfinal)

Initial conditions:

h = .01, which can be changed to .5 for the generation of 2 graphs (one for each h)

y(1) = y0

t(1) = t0

tempt(1) = 0

tempy(1) = 0

i = 1, which is our counter value

while y(i) is less than or equal to 3 and t(i) is less than or equal to tfinal,

u(i) = y(i) + h*f(y(i)), which is the first Euler step.  F(y(i)) is the same as it was in the improved Euler scheme.

Tempt(i+1) = t(i) +h.  This is the new temporary time value, and will be accepted or rejected based on whether y is too small or too large.

Tempy(i+1) = y(i) + (h/2)(f(y(i)) + f(u(i))).  This is the new temporary y value (temperature) using Improved Euler.

If h < 1E-5 (if h gets too small)

Display ‘H is going on forever’

Quit program

End

If |tempy(i+1) – y(i)| > .05 (if the difference in the new temp and old temp is too large)

H = h/2, decrease h by half.

Or else

T(i+1) = tempt(i+1) and y(i+1) = tempy(i+1).  We will accept these values because they’re correct.

If |y(i+1) –y(i)| < .01 and h <1 (diff between new y and old y is too small)
H = 2h.  We double it if the difference was too small.

End

i = i + 1.  This updates our counter, i, to tell us how many steps were used.

End

End

Appendix E
Task 6

function [t, y] = task6(y0, t0, tfinal); %y0, t0, and tfinal are as they were before, 0,0, and an arbitrary number respectively.
ode = @(t,y)f(y)
[t,y] = ode45(ode, [t0,tfinal], y0)
