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Lab 1,EA-4

A Quickest Descent Problem

Introduction
A bead of mass m slides down a wire starting at point (0,1) and ending at point (L,0) in a Cartesian coordinate system.  To find the path y = f(x) that allows the bead to slide form (0,1) to (L,0) in the shortest possible time, we use the special case f(x) = 1 – x/L + ax(x-L), and (dx/dt) = ((2g(1-f(x)))/(1+(f’(x))^2))^(1/2), where x(0) = 0.  These equations were derived from the definition of arclength, and fact that the total energy of the bead is constant.  To solve this problem with these equations, we must find the value of a that minimizes the time.  One solution is that when a = 0, and L = 1, the equation becomes f(x) = 1-x and an uninteresting solution is x(t) = 0.  However, another solution is that x(t) = ¼ gt^2 where g is 9.81 m/s^2, the acceleration due to gravity.  This solution is the one to which we will compare solutions found for values of a.  Using Matlab, we will attempt to find values of a that minimize the time it takes for the bead to slide down the wire, and result in a value close to x(t) = ¼ gt^2.

Description of Methods

Using the Matlab function ode45, we can find values of a other than x(t) = 0.  
A series of functions must first be programmed to ensure that ode45 runs properly.  An “event locator” must be used to stop integration when x(t) = L.  This function was named stopatL, and is as follows:

function [value,isterminal,direction] = stopatL(t,x,L)
value = x-L; 
isterminal = 1;
direction = 0;
This function was given as part of the problem, and ensures that the bead will stop at the end of the wire, at L.

Next, a function to define the differential equation must be written.  This function was named beadode:

function dxdt = beadode(t,x,a,L)
g = 9.8
f=1-(x/L) +a*x*(x-L) %given f(x)
dxdt = (((2*g*(1-f))/(1+((-1/L) + 2*a*x -a*L)^2)))^(1/2) %given dx/dt with f(x) and f’(x), inserted.
dx/dt was derived from the original function, f(x) = 1 – x/L + ax(x-L), and then inserted into the given dx/dt to find this new dx/dt.  g, the acceleration due to gravity, is defined here.
With this differential equation and the condition that the bead will stop at the end of the wire, it is possible to write a function that will calculate the ending time, tend, the total time, t, and the distance traveled, x.  This function is called dropbead:

function [tend,t,x] = dropbead(x0,a,L)
ode = @(t,x)beadode(t,x,a,L); %This calls beadode, found above
event = @(t,x)stopatL(t,x,L); %This calls stopatL, found above
opts = odeset('RelTol', 10^-8, 'Events', event); %Reltol is set to 1E-8, the estimated error, and ‘events’ is the condition that the bead stops at L 
[t,x] = ode45(ode, [0,L], x0, opts); %this calls the actual function in the format specified by Matlab help
tend = t(end); %This is the final time value, tend
We ran dropbead for different values of x(0) to find how small x(0) must be to find an accurate tend.  We compared these values to the exact solution, when a = 0.  Then we minimized tend by running dropbead for different values of a, given L and x(0).  
The code used to find the minimum x(0) for a reasonably accurate tend is below:

clear;
[tend,t,x]=dropbead(1e-14,0,1)
plot(t,x, 'r-.');
hold on;
[tend,t,x]=dropbead(1e-15,0,1)
plot(t,x, 'g-.');
[tend,t,x]=dropbead(1e-16,0,1)
plot(t,x, 'b-.');
x = (1/4)*9.81.*(t.^2) %exact solution
plot(t,x, 'k-.');
For each value of x(0), a different graph forms, and the one closest to the exact solution will be the minimum value of x(0).
The code used to minimize tend using different values of a for a given L is below:

clear;
[tend,t,x]=dropbead(1e-8,1,1)
plot(t,x, 'r-.');
hold on;
[tend,t,x]=dropbead(1e-8,1.1,1)
plot(t,x, 'b-.');
[tend,t,x]=dropbead(1e-8,0.9,1)
plot(t,x, 'k--');
[tend,t,x]=dropbead(1e-8,0.8,1)
plot(t,x, 'm-.')
[tend,t,x]=dropbead(1e-8,0.7,1)
plot(t,x, 'r--');
[tend,t,x]=dropbead(1e-8,1.2,1)
plot(t,x, 'm--');
[tend,t,x]=dropbead(1e-8,0.85,1)
plot(t,x, 'y-.');
[tend,t,x]=dropbead(1e-8,0.82,1)
plot(t,x, 'g');
[tend,t,x]=dropbead(1e-8,0.87,1)
plot(t,x, 'b--');
x = (1/4).*9.81*(t.^2) %exact solution
plot(t,x, 'k-.');
axis([0.6 0.7 0.8 1.2]);
The graph that allows the smallest tend in comparison to the exact solution will show the value of a that minimizes tend.

Results

We found that a reasonably accurate tend corresponds to a value of 1e-16 meters.  This value is closest to the exact solution, and is part of a cluster of solutions (t values) that are much less than 1e-4 away from each other.  This is pictured below:
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Figure 1.
We also found that a value of a = .82 minimizes tend.  As the graph shows, values of a that are slightly larger than .82, and values slightly smaller than .82, are at larger t values than a = .82.  Therefore, the minimum tend must be at a = .82.  This is pictured below:
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Figure 2.

Discussion of results
Using the following code, we found values of a as a function of the time, t, for specified L = x values, ½ and 3 meters.

function plota(L, astart, astop);
%plota finds the graph of t vs a. for specified values of L, and an interval of a.
x0 = 1e-16;  %this is the minimum value we found
a = astart: .1: astop; %this is the specified interval of a
for ii = 1: length(a)
[tend,t,x] = dropbead(x0,a(ii),L); %this calls the function dropbead to find t and x after having specified x0, a, and L.
finalt(ii) = tend; %this displays the final time
end
plot(a,finalt);
We found that when x = L is very small, a value of about ½ meters, the time hardly changes from t = 5 sec, and the optimal a was about 2.6.  The graph below illustrates this.
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Figure 3.

It takes the bead about .499 seconds to reach the end of the wire, at x = L = 1/2. 

If L = 1/2 meters, and a = 0, the bead slides in a straight-lined path.  Using the dropbead function, we can find the time it would take for the bead to slide down this straight-lined path.

dropbead(0,0,1/2)

ans =

    0.5000
Because .5 is slightly larger than .499, it takes the bead slightly more time to slide down the straight-lined path.

We found that when L = x was a larger value, 3 meters, the time related more closely to our previous findings.  The graph below indicates that at a time of about 1.05 seconds, and an a value of .3, the minimum time occurs.  This value is closer to .82, our optimal a, than the previously found 2.6 was.   
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Figure 4.
It takes the bead about 1.05 seconds to reach the end of the wire, when the wire is 3 meters long.  When a = 0, and L = 3 meters, we can find the time again for a straight-lined path.

dropbead(0,0,3)

ans =

     3

Clearly, 3 seconds is a much larger time than 1.05 seconds.  When L is larger, the bead will move at a much faster interval if it is in an optimized path than in a straight-lined path.

The bead arrives faster in both cases, when L = ½ and when L = 3 meters, because it accelerates down the path faster, and has a larger velocity than a constant acceleration that results from a straight-lined path.
Using the above values for a, when L = ½ and 3 meters, we plotted y = f(x) with the following code:

function fplot(L, a)
x = 0 : .01: L;
f = 1 - x/L + a.*x.*(x-L);
plot(x,f);
 When L = ½ meters, a is about 2.6.  The following graph shows f(x) when L = ½.
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Figure 5.

When L = 3, a is about .3.  The following graph shows f(x) when L = 3.
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Figure 6.
When L = ½ meters, it takes the bead less time to slide down the wire, .499 seconds, than when L = 3 meters, and the time is 1.05 seconds.  The shapes of the curves are different for L = ½ meters and 3 meters because of the acceleration involved.  When L is larger, the bead will accelerate more and even rise in the end.  This is shown on the graph of f(x) when L = 3.  
To find the smallest value of x(0) such that the time difference is less than or equal to 1E-3 between this value and the exact value, x(0) = 0, we can algebraically solve the given equation and subtract it from the condition at which x(0) = 0.
x(t) = ¼(g^(1/2) t+ C)^2 where C is a constant.

x(0) = ¼(g^(1/2)(0) + C)^2

x(0) = 1/4C^2, and so C = 2(x(0))^(1/2)

x(t) = (1/4)(g^(1/2)t + 2(x(0))^(1/2))

L = (1/4)(g^(1/2)t + 2(x(0)^(1/2)))^(1/2)

4L = (gt^2 + 4(g^(1/2))t(x(0))^(1/2) + 4x(0))

2(L^(1/2)) = (g^(1/2))t + 2(x(0))^(1/2)

Simplifying this, we result in t = (2(L^(1/2)) – 2(x(0)^(1/2))/(g^(1/2))

The exact solution is when x(0) = 0, resulting in t = (2(L^(1/2))/(g^(1/2))

The difference between these two t’s will lead us to the small value of x(0), denoted Є, because the difference must be less than or equal to 10^-3.

2(L^(1/2))/(g^(1/2)) - 2(L^(1/2))/(g^(1/2)) + 2((Є)^(1/2))/(g^(1/2)) ≤ 10^-3

Є = 2E-6 meters.

Comparing this value to our graph’s displayed error, we find that x(0) must be as small as 1e-16, as shown on Figure 1.  The time shown on the graph for the exact solution, about .639, is less than 10^-3 different than the value for the x(0) = 1e-16 graph, t ~ .6395.  

This value is much smaller than the 2E-6 meters value found for the exact solution, and so they do not agree.  This might be due to an unknown error.  However, the time does not differ more than 10^-3, and therefore is not incorrect.
As the x(0) values become greater than 0, and farther from the exact solution, x(0) =0, the error also grows.  We can see this after finding different values of t using the dropbead function, given L = 1 and a = 0, and then comparing the results to the exact t, found from the original differential equation.  The exact t = 2/(g^(1/2)) = .639

The following code and graph shows that as x increases, the t values differ more and more from t = .639, the exact solution.

clear;
[tend,t,x]=dropbead(1e-16,0,1)
plot(t,x, 'r-.');
hold on;
[tend,t,x]=dropbead(1e-15,0,1)
plot(t,x, 'b-.');
[tend,t,x]=dropbead(1e-14,0,1)
plot(t,x, 'k--');
[tend,t,x]=dropbead(1e-10,0,1)
plot(t,x, 'm-.')
[tend,t,x]=dropbead(1e-8,0,1)
plot(t,x, 'r--');
[tend,t,x]=dropbead(1e-5,0,1)
plot(t,x, 'm--');
[tend,t,x]=dropbead(1e-3,0,1)
plot(t,x, 'y-.');
[tend,t,x]=dropbead(1e-2,0,1)
plot(t,x, 'g');
[tend,t,x]=dropbead(1e-1,0,1)
plot(t,x, 'b--');
x = (1/4).*9.81*(t.^2)
plot(t,x, 'k-.');
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Clearly, the graph of x(0) = 1e-1, which is quite larger than 1e-16, has a value of t that differs in a large amount from the t = .639 exact value.  Therefore, as x(0) increases, the error also increases.
The Matlab function ode45 only gives the solution x(t) is exactly equal to 0 when the exact initial condition x(0) = 0 is used because the program starts the integration at the initial point and 0 is a critical point, so it is the first solution the program will come up with.  The smallest possible value, close to 0, will still give an accurate t, but will not be thrown out as an unstable solution, 0.  
Conclusion

Using Matlab’s ode45 function, we were able to decipher the path leading to the shortest time of descent for a bead on a wire.  We discovered that an x(0) value close to 0 will lead to a solution negligibly different from the exact solution to the differential equation, x(0) = 0.  For different lengths of the wire, L, we were able to extrapolate the paths taken along the wire, f(x).  The longer the wire, the more acceleration the bead will experience, and the more efficient the new path, f(x), will be compared to the straight-lined path.  The shorter the wire, the smaller the difference in time will be for the bead to slide down the straight-lined path versus the new path.
